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We present an exact analytical representation of the unsteady thermo-fluid dynamic field arising in a
two-dimensional channel with parallel walls for a fluid with constant properties. We assume that the
axial pressure gradient is an arbitrary function of time that can be expanded in Taylor series; a particular
case is the impulsive motion generated by a sudden jump to a constant value; for large time values the
flow reaches the well-known steady Poiseuille solution. As boundary conditions for the dynamic field we
consider fixed and moving walls (unsteady Couette flow). The assigned temperature on the walls can be
an arbitrary function of time. We also consider the coupling of the energy and momentum equations (i.e.
Eckert number different from zero). The solution is obtained by series with simple expressions of the
coefficients in terms of the error functions. The fundamental physical parameters, such as shear stress,
mass flow and heat flux at the wall are obtained in explicit analytical form and discussed by means of
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1. Introduction

Unsteady laminar flows in pipes have been widely studied since
the classical paper of Szymanski [1], in which the author proposed
the exact analytical solution describing the incompressible, laminar
flow arising in a circular pipe initially at rest and accelerated by a
sudden jump of the pressure gradient to a constant value. This is
among the few exact analytical solutions of the unsteady Navier-
Stokes equations.

A renewed interest in the analytical analysis of these prob-
lems can be found in literature. The recent book of Drazin and
Riley [2] provides a review of the available exact solutions of the
Navier-Stokes equations. Ingham and Pop [3] focus their interest
on solutions of the energy equation. In the case of unsteady flows
interesting results have been presented in [4] with the analysis of
the heat transfer in impulsive Falkner-Skan flows.

Even if limited to simple geometries, analytical solutions can
provide a more clear understanding of the influence of the parame-
ters governing the physical problem, can be used for a quantitative
analysis of more complex geometries looking at their asymptotic
behavior and are very useful test cases for more general numeri-
cal methods. Nonetheless, studies devoted to the analysis of two-
dimensional channel flows are only a few. It can be due, as dis-
cussed in [5], “... possibly because of the difficulties cited by Trikha
[6] in deducing inverse Laplace transform for all but a few sim-
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ple analytical functions”. In the same paper, Brereton proposed the
analysis of fully developed laminar flows in pipes and channels for
arbitrary unsteadiness, prescribing the time law of the mass flow
rate instead of the pressure jump considered by Szymanski. The
analytical solution was found explicitly in the Laplace transformed
variables; the inverse transform could be obtained by the method
of residual and was performed numerically to derive section prop-
erties as pressure gradient and shear stress on the wall.

Das and Arakeri [7] proposed analytical inverse Laplace trans-
forms for some particular flows in pipes and channels again with
prescribed mass flow rate in time. The cases of trapezoidal law and
impulsive acceleration to a constant mass flow rate were studied.
Extensions and applications to the case of non-Newtonian fluid can
be found in [8].

More recently Brereton and Jiang [9] studied the thermal field
associated to the laminar flows in pipes and channels with as-
signed axial temperature gradient in the case of negligible effects
of the dissipation of kinetic energy, i.e. with zero Eckert number.

Indeed, the problem is strongly complicated when the thermal
field is coupled with the velocity field: no exact solution includ-
ing the effects of the dissipation of kinetic energy (Eckert number
different from zero) are available in literature.

In this paper an exact explicit analytical solution for both the
velocity and thermal field including the effect of the Eckert num-
ber is presented: the incompressible, laminar, fully developed flow
of a fluid accelerated from rest in a two-dimensional channel with
flat, parallel walls, by assigning a general time law for the pressure
gradient (unsteady Poiseuille flow). This solution is also extended
to the case in which the motion of the fluid, initially at rest, is
generated prescribing a general time law for the velocity of the
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upper wall in the direction of the channel axis (unsteady Couette
flow). For the thermal field a time varying constant wall tempera-
ture along the channel is assumed.

The solution has been found by the Laplace transform tech-
nique. The inverse Laplace transforms have been obtained using
some interesting properties of the Jacobi’'s 6, and 63 functions
leading to series in terms of the well-known error function rapidly
converging.

The presence of a not simple non-homogeneous term in the
energy equation makes its integration very difficult when the Eck-
ert number is taken into account. However, in the present paper
a simple analytical expression of a particular integral of the non-
homogeneous equation has been found that enables to easily ob-
tain an analytical solution in the case of Prandtl number equal to
one. Therefore, explicit relations for the axial velocity and temper-
ature profiles across the channel, shear stress and Nusselt number
have been derived.

The local analysis for small time values, reveals the existence
of two regions in the flow: near the wall a self-similar Rayleigh
type layer, far from the wall a potential region, where the velocity
is constant across the channel, zero in the case of the unsteady
Couette flow and proportional to a power of the non-dimensional
time for the unsteady Poiseuille flow.

The method of solution can be easily applied when the time
law imposed for the pressure gradient or upper wall velocity is of
polynomial type and a number of applications are proposed with
the analysis of the effects of the involved parameters.

2. Governing equations

We consider an incompressible, laminar flow of a fluid with
constant properties in a two-dimensional plane channel with par-
allel flat walls. The non-dimensional spatial coordinate orthogonal
to the wall Y is referenced to the semi-height d of the channel,
with the origin placed on the channel axis.

The velocity field is governed by the Navier-Stokes equations.
In the case of a steady flow with constant pressure gradient along
the axis (dp/dx), the solution is the well-known Poiseuille flow:
the velocity field is parallel, independent of the position along the
axis with a parabolic distribution across the channel of the axial
velocity component.

A time varying law for the pressure gradient is imposed
along the channel axis. We specify with u and v respectively
the non-dimensional velocity components aligned and orthogo-
nal to the channel axis, adopting as reference velocity Vie =
—d?(dp/dx)ret/(21t) (j4 is the dynamic viscosity). Again, being
equations independent of x, v =0 due to the continuity equa-
tion. Denoting with 7 the non-dimensional time referenced to
tref = d?/v (v is the kinematic viscosity), the momentum balance
equation along the x axis reduces to

u  3%u 2 r0) 1)

T aY2 ’

where r(7) is the imposed non-dimensional pressure gradient.
The initial and boundary conditions for this, second order, lin-

ear parabolic equation that we assume are

u(Y,0) =0, (2a)
u(+1,7)=0; (2b)

the latter providing the no-slip condition on the walls.

Denoting with 6 = (T — Tg)/To the non-dimensional tempera-
ture of the fluid, where Ty is the constant temperature at 7 =0
and considering problems in which the boundary conditions for

the temperature are independent of the x-direction, the energy
equation for a fluid with constant properties is:

30 1 9% au\2
Z__27_g(ZZ), (3)
3t  Proy? 3y

where Pr= ”TCP specifies the Prandtl number and E = Vrzef/(cpTo)
is the Eckert number we defined for the present problem (cj, is
the specific heat and A the thermal conductivity of the fluid).

In this case (solution independent of x) the temperature is con-
nected with the velocity only through the dissipation of kinetic

energy. The initial and boundary conditions we assume are

6(Y,0) =0, (4a)
9(+1,7) =0} (1), (4b)
0(—1,7) =6, (1); (4c)

where 6, (t) and 0,,(t) respectively specify the imposed temper-
ature on the upper and lower wall of the channel.

In this case of constant properties the dynamic field is not
coupled with the thermal field and can be independently solved.
Moreover, if E =0, velocity and temperature fields are completely
independent. Both the momentum and the energy equations are
linear and the associated homogeneous equation is the same: the
well-known parabolic heat equation.

3. The method of solution

The problem can be solved by the Laplace transform technique.
The solution of the associated homogeneous problem, for both
momentum and energy equations, can be found by the same pro-
cedure and has the same structure.

The general problem consists in the solution of the equation
af  9%f
— ——=g(,1), 5
oz ayz —S(V.D (5)
where g(Y, t) =2 r(t) for the momentum equation and g(Y, 1) =
E(du/dY)? for the energy equation. If g(Y,t) =0, this equation
reduces to the homogeneous heat equation:

2

o e (6)
The initial and boundary conditions are:

f(Y,00=0, (7a)

fH1L, D) = fi(D), (7b)

f=1,1)=f, . (70)

Due to the linearity of Eq. (5), the general integral of this equa-
tion can be expressed as

f(YsT):fh(YvT)+fp(Y’T)s (8)

where f,(Y,7) is a particular solution of the complete equation
and fx(Y,7) is solution of the associated homogeneous equa-
tion (6). fn can be expressed as fu(Y,7) =Y 1, fi(Y,T), with
fi(Y, ) arbitrary solutions of the associated homogeneous equa-
tion.

In some cases a particular integral of the complete equation
can be straightforward obtained. In particular, if g = g(r) then
Y, 1) = fp(r) = fg(t)dr. Another interesting case for the
present application is g(Y, 1) = (3 f1/9Y)(df2/0Y) where f; and
f> are solutions of Eq. (6). Indeed in this case it is easy to verify
that

1
. D) =-5 Y. Dfa(Y. 7). 9)
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Specifying respectively with

F(Y,s9)=L[f(Y,1)] (10)
and

the Laplace transforms with respect to time of f and g, we can
transform Eqgs. (5) and (7) into

3%F

F(£1,5) = FL(s),

sF

(12b)

where Fi(s) are the Laplace transforms of fi (7).
The formal solution of this problem in transformed variables is
very simple:

cosh(4/s Y) sinh(4/s Y)
cosh(+/s) sinh(+/s)
where F is a particular integral of the complete equation and A(s)
and B(s) are arbitrary functions that are determined imposing the

boundary conditions equations (12b).

For the energy equation Fp(Y,s) is difficult to calculate. How-
ever, for determining A(s) and B(s) the knowledge of F,(Y,s) is
only necessary on the boundaries.

The explicit, analytical inverse transformation of this equation is
not trivial: some results were presented for the momentum equa-
tion (1). In [5,9,10] numerically computed inverse transforms were
proposed; the authors also showed the possibility to obtain a more
general solution by the method of residual. The energy equation
was studied by neglecting the effects of dissipation of kinetic en-
ergy (E =0).

In this paper we present the analytical inverse transform of
Eq. (13) for both momentum and energy equations by rapidly con-
verging series expansions taking into account for the effects of
the Eckert number. The terms in the series we have obtained are
very simple and can be expressed by means of the error func-
tions. Indeed the wanted inverse transformations can be expressed
in terms of the Jacobi’'s 62(q, ) and 63(q, T) functions. Among
the different representations of these functions, useful series ex-
pressions (not well-known and more rapidly converging) are the
following [11], p. 57:

F(Y,s)=A(s) B(s) +Fp(Y,s), (13)

+00
1 2
02(q. 1) = —= Y _ (—Dke @, (14a)
VTTT oo
+00
65(0.7) = —— Y et (14b)
JTT P

where 0 < q < 1. Two important properties of these functions for
the present applications are, see [11], p. 107:

36 _ . cosh[(2g — 1)4/5]
EI[W(‘LT)]— 2—cosh(ﬁ) (15a)
365 __sinh[(2q — 1)/5s]
cf[ﬁm,ﬂ]—Z—smh( = (15b)

where 0 <q < 1.

Then, the inverse transform of Eq. (12a) can be obtained by
convolutions of the derivative of the 6, and 63 Jacobi’s functions.
These derivatives are:

O gty = gy 0 e 4 +Zoo(—1)"[(k+q>e‘“‘+q>2/f
aqg JT32 =

— (k—gqye~*-9/7] }; (16a)

003 _ 2 —¢/t
=" {q e
+00 5 5
+ ) [+ e ®FOUT — (k—gye k- /T]} (16b)
k=1

and the general solution of Eq. (5) is

T

106, o
f, t)=—§/8—2(q,r)a(r—r)dr
q

0

T

1 [ a6 _ o

" 5/3—;«1, Db — D) dE + f5(V, T), (7)
0

where g = (Y +1)/2, a(tr) and b(t) are the inverse transforms of

respectively A(s) and B(s).

The not easy problem of finding a particular integral fj, for the
energy equation has been solved using Eq. (9) with appropriate
functions f1 and f>.

In Appendix A the inverse transforms are derived for power law
for a(t) and b(7).

4. The velocity field
The proposed method of solution is now applied to solve the

dynamic field given by Eq. (1) with initial and boundary condi-
tions (2). Specifying respectively with

U(Y,s)=L[u(Y,1)] (18)
and
R(s) = L:[r(1)] (19)

the Laplace transforms with respect to time of the unknown veloc-
ity field and of the imposed pressure gradient, we can transform
Egs. (1) and (2) into

2

sU o°u =2 R(s); (20a)
Yz ’
U(£1,s)=0. (20Db)
The solution in transformed variables is
U(y,s)=2@[1_w]. (21)
s cosh(4/s)
Hence, by Eq. (17), we have
T
1 (036, _ -
u(q,r):§ %(q,r)up(r—r)dwup(r), (22)

0

where g = (Y +1)/2 and up(7) = 6;1[2R(s)/s].
For power law for the pressure gradient, r(t) = Ct", it is

n!
R(s) = Cs"ﬁ’ (23)
‘L’"'H
up(t)=2C——; 24
p(T) " (24)
therefore the general solution (22) reduces to
R 96
u(q, 1) = — | 2¢"t1 /—2 CT) (T — )Mt |, 25
@7 n+1[ + 3q(q X ) (25)

0

where ¢ = (Y + 1)/2. The integral in this equation is analytically
calculated in Appendix A.

Due to the linearity of the governing equation (1) the solution
for a polynomial law of the pressure gradient can be obtained by
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linear combinations of power laws. Therefore this method gives
the solution for any r(7) that can be expanded in Taylor series. In
particular in Section 6 the solution for impulsive-start-up flow and
linear growth of the pressure gradient are proposed and discussed.

In [12] p. 117, it is proposed the analytical solution of the
Navier-Stokes equations for impulsive motion to a constant speed
of the upper wall (impulsive Couette flow). The solution was ob-
tained by separation of variables. By present method this solution
has been extended to the case of arbitrary time motion of the
wall. This solution is reported in Appendix C. Due to the linearity
of the problem, this solution can be combined with the unsteady
Poiseuille case to obtain the unsteady mixed Poiseuille-Couette
flow.

4.1. Analysis of the velocity field

Preliminarily we note that a number of results of physical rel-
evance can be found independently of the assigned pressure gra-
dient law by means of the analysis of the solution in transformed
variables by the Tauberian and Abelian theorems (see Appendix B).

4.1.1. Behavior fort — 0

The behavior of the solution for small time values can be ob-
tained by the Abelian theorem, looking at the asymptotic behavior
(s = +00) of the transformed solution. In the case of power law
for the pressure gradient we have, for Y > 0:

. n! —(1-Y
5= o001 U —2C o1 e VA, (26)

The inverse transform of this equation, providing the local behavior
for T — 0T is (see Eq. (B.2)):

u(Y, ) ~2Ct"t! LI 220+ D 2D apfic
n+1 2

1-Y
N )] 27)
+o0

i" erfc(z) = / "1 erfe(t) dt (28)
z
specifies the m repeated integral of the error function, see [13],

p. 299 for more details.
Being

where

imerfc(0) = zEToo imerfc(z) =0, (29)

2mI(m/2+1)°
where T'(z) is the gamma function, Eq. (27) shows that, for small
time values, the channel flow can be divided in two regions:

(1) near the wall: a self-similar Rayleigh type layer arises, whose
thickness grows as 2./7;

(2) far from the wall: there is a potential region with the veloc-
ity constant across the channel. The potential velocity grows
as T,

4.1.2. Asymptotic behavior

The asymptotic behavior of the flow for large time values can
be easily obtained by the Tauberian theorem, looking at the behav-
ior for s — 0 of the transformed solution, Eq. (21).

If, for T — 400, r(r) — 1, i.e. the pressure gradient tends
asymptotically to a constant value, then the Tauberian theorem
ensures that, for s — 0T, R(s) — 1/s. Therefore, still taking into ac-
count for the Tauberian theorem and that, for s — 0T, cosh(/s) ~
1+45/2 and cosh(y/sY) ~1+sY?/2:

lim u(Y,7)= lim sU(Y,s)=1—Y2. (30)
T—>4+00 s—0+

Hence the unsteady Poiseuille flow tends asymptotically to the
steady Poiseuille flow.

4.1.3. Shear stress and mass flow rate
The transformed shear stress at the wall is

ou tanh
| g BUMS) (31)
oy |, NG
while the transformed mass flow rate is given by
I R h
. t.
M(s) = / U, s)dy :4ﬂ[1 - M} (32)
s Vs
-1
Combining equations (32) and (31) we have
R 29U
—420 2301 (33)
s sayY |,

providing a direct relation between mass flow rate and skin friction

in an unsteady Poiseuille flow with imposed pressure gradient.
The shear stress at the wall in physical variables is given by the

inverse Laplace transform of Eq. (31). From Eq. (B.1), we have:

2 [re—7) _ 42 [ ear—%)
=— | ———Zdi+— (—1)‘/6‘”7_111.
[ R [

(34)

au
Y

The integrals in this equation can be analytically calculated as
shown in Section 6. Similarly, the mass flow rate is related to shear
stress obtained by inverse transform of Eq. (33) in this way:

n'1=4/r(f)df—2/ du(t)
Y
0 0

5. The temperature field

dt. (35)

w

The procedure proposed in Section 3 can be also applied to find
the temperature field governed by Eq. (3) with initial and bound-
ary conditions given by Eqgs. (4). Due to the linearity of the prob-
lem, the analysis can be divided in separated independent prob-
lems. In particular, the effect of the dissipation of kinetic energy
can be separated from the effect of the assigned wall tempera-
tures. In addition, the latter is given by the sum of a symmetrical
field (with respect to the channel axis) and an anti-symmetrical
field.

The complete temperature field can be written as follows:

oY, t)=0r,(Y,T)+ 061, (Y, T)+E Op(Y, 7). (36)

0r, (Y, ) is solution of the symmetrical problem given by the
homogeneous heat equation (6) with initial and boundary condi-
tions

0r, (Y,0)=0,
Or, (£1,7) =0y (7),

(37a)
(37b)

where 0y, (7) = [0, (T) + 6, (T)1/2.

Oar, (Y, T) is solution of the anti-symmetrical problem given
by the homogeneous heat equation with initial and boundary con-
ditions
Oat, (Y,0)=0, (38a)

AB
Oar, (+1,7) = £ ”2"(”,

(38b)

where A6y (1) =0 (t) — 6.5 (1).

0r,, (Y, t) and Oar, (Y, T) provide the complete temperature
field when the effects of the dissipation of kinetic energy are ne-
glected.
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0 (Y, T), which takes into account for these effects, is solution
of the complete equation (3) with E =1 and initial and boundary
conditions

Op(Y,0)=0,
Op(£1,7) =0.

(39a)
(39b)

The combination of these three fundamental solutions provides
the temperature field for an arbitrary wall temperature distribu-
tion 6, (), Prandtl and Eckert number. In the present paper the
analytical expression of 6 has been found explicitly for the case
Pr=1.

5.1. The case of negligible dissipation of kinetic energy

When the effects of the dissipation of kinetic energy are neg-
ligible (zero Eckert number). and assuming 7t = t/Pr the energy
equation (3) reduces to

30 9%

— ——=0. (40)
aTT oY?

The effects of the Prandtl number are taken into account by the
scaling of the non-dimensional time 7.

5.1.1. Symmetrical field

The solution of the symmetrical problem can be obtained by
straightforward application of the procedure shown in Section 3.
Denoting with @r, the Laplace transform of 67, we have:

cosh(/sT Y) (an)
cosh(/Gs7)

where @,(s7) is the Laplace transform of 6, (7). The inverse
transform is

o1, (Y,s1) = Ow(sT)

T

1 06, _ - -

Or,@. 1) =—3 E(q, Tr)0w (tr — Tr) dTr, (42)
0

where g = (Y +1)/2 and 8y (tr — Tr) = [0} (tr — Tr) + 6, (Tr —

77)]/2. The analytical calculation of the integral in Eq. (42) is pro-

posed in Appendix A in the case of power law for 6, (rr) and

0, (t7) and is discussed in Section 6.3.1.

5.1.2. Anti-symmetrical field

In this case the transformed solution is
AOy (sT) sinh({/sT Y)

2 sinh(+/(s7)

where A®,,(st) is the Laplace transform of A6, (t7). The inverse
transform is

O, (Y, 57) = (43)

T

1 (0035 _ -
Oat, Q. T1) = 4 W(q, Tr)Aby (Tr — Tr) dTr, (44)
0
where q = (Y +1)/2 and A8y (tr — Tr) =6, (tr — T1) — 6, (T —
Tr).
If 6, (zr) and 6 (Tr) are power laws, the integral in this equa-

tion can be calculated as shown in Appendix A and is discussed in
Section 6.3.2.

5.2. The case with dissipation of kinetic energy and Pr =1

As we have already noted, the solution of Eq. (3) with initial
and boundary conditions (4) including the effect of dissipation of
kinetic energy with arbitrary Prandtl number is not trivial. Indeed,
nonetheless the linearity of the problem, the Laplace transform of

the non-homogeneous term is cumbersome and even more diffi-
cult is the inverse transform of a particular solution of the trans-
formed energy equation. The case Pr =1 is however very mean-
ingful because the Prandtl number is nearly equal one for most
gases.! In this case the particular integral of the energy equation
can be straightforward obtained in the physical space following the
procedure proposed in Section 3.
The general solution of the dynamic field can be expressed as

u(Y, o) =up(Y, 1) +up(t), (45)
where up(Y, ) is solution of the homogeneous heat equation (6).

Since duy/dY = du/dY, the particular integral 6, of Eq. (3) with
Pr=1 can be found in physical variables applying Eq. (9):

E E
QP(Y,‘L'):—Euﬁ(Y,t):—z[u(Y,‘E)—up(‘l:)]z. (46)

The contribution 6¢(Y, t) of the dissipation of kinetic energy
can be now straightforward obtained and is, in transformed vari-
ables:

4 cosh(4/sY)
OclY,$) =35 ———F——
s3 cosh(4/s)

The inverse Laplace transform of Eq. (47) can be computed as
proposed in Section 3:

+Op(Y,s,E=1). (47)

QE(Y,'L'):QP(Y,'L',E:D7/%(%‘5)(1’ff)zd‘f, (48)
0

where g = (Y 4+ 1)/2. The calculation of the integral in this equa-
tion is proposed in Appendix A and is discussed in Section 6.3.3.

It is interesting to point out that Eq. (48) provides the effect of
the Eckert number independently of the temperatures imposed on
the walls.

6. Applications
6.1. Impulsive start-up

We assume that at the initial time a jump of the pressure gra-
dient to a finite constant value dp/dx is imposed. This is a special
case of the solution proposed in Section 4 with n=0 and C =1
(the imposed dp/dx is adopted as reference).

With the help of Appendix A the solution is given by:

u(q, t) =2t +up(q, 7), (49)

+o00
up(q. 1) =—h(@.7) = Y (-D¥[hk+q. 1) —hk—q.T)].  (50)
k=1

where ¢ = (Y +1)/2 and

_ 5 a 4 —ajT
h(a,7)=2(t +2a )erfc(ﬁ) ﬁaﬁe (51)
(erfc(z) specifies the complementary error function).

The velocity profiles for different time values are plotted in
Fig. 1. In the plots, 20 terms were adopted in the series of Eq. (49)
(but only few terms are sufficient for a good approximation). For
small time values the potential and Rayleigh type regions can be
noted. The velocity is constant across most of the channel with
the variations concentrated near the wall. For large time values the
velocity profile tends asymptotically towards the steady Poiseuille
solution, also plotted in the figure. For T =2 the velocity profile is
already very near its asymptotic state (the differences between the
steady and the unsteady flow are smaller than 1%).

1A good approximation of the Prandtl number for a perfect gas is given by the
Eucken relationship Pr =4y /(9y — 5), where y is the ratio between the specific
heats of the gas, [14], p. 41.
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Fig. 1. Impulsive start-up of the Poiseuille flow. Velocity distribution across the
channel, u = u(Y), at different times. 7 = 0.01, 0.02, 0.05, 0.1, 0.3, 0.5, 1, 2. Thick
line: steady Poiseuille solution.
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Fig. 2. Impulsive start-up of the Poiseuille flow. Comparison of the local (solid line)
and exact (dashed line) solutions for r =0.01, 0.1, 0.2.

6.1.1. Behavior fort — 0
The local behavior of the solution for T — 0, see Eq. (27), is:

~ 42 1-Y
u(Y,‘L’)~21|:1 4i erfc( 2\/?):|, (52)
where
> arteinr— o2 2
i% erfc(z) = y |:(22 + 1) erfe(z) ﬁze :| (53)

The relation (52) is compared with the exact expression of the ve-
locity, Eq. (49) in Fig. 2. Only for T > 0.2 differences between the
two functions can be noted.

6.1.2. Shear stress and mass flow rate
The shear stress at the wall is obtained by Eq. (34) or differen-
tiating Eq. (49):

2r

1.8
B Ju/dY /
| W
1.6 F
1.4 F //
12F S
- P m
1 = pa
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0.8 F 7
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Fig. 3. Impulsive start-up of the Poiseuille flow. Shear stress at the wall (solid line)
and mass flow rate (dashed line) versus time.

u 4 R
P . = ﬁ{ﬁ-i-z];(—l)
x [ﬁe*"z/f - ﬁkerfc(%)”. (54)

The shear stress at the wall and the mass flow rate versus time
are plotted in Fig. 3; for large time values they tend asymptotically
towards the corresponding values of the steady Poiseuille flow.
6.2. Linear growth of the pressure gradient

In this case r(t) = 7. With C =1 and n=1 Eq. (25) reduces to

1
ug. v =3 212 —hy(q. 1)

+00
> (~D¥[hatk+q.7) —ha(k —q. r)]}, (55)

k=1
where ¢ = (Y +1)/2 and

ha(a, T) = T2po(a, T) — 2T$1(a, T) + d2(a, 7). (56)

The functions ¢;(a, T) are given in Appendix A; in this case:

dola, t) = 2erfc<%>, (57a)

$1(0,7) = 2[%«/? e /T — a2y (a. r)}, (57b)
2 2 3/2 .—a?/T 2

¢2(a,r):§ ﬁat e —a‘¢1(a, 7). (57¢)

The velocity profiles for different time values are plotted in
Fig. 4. In this case the maximum velocity indefinitely increases as

time grows.
For small time values the velocity profile behaves as
1-Y
u(Y, )~ 2|1 - 32i*erfc )] 58
Y. 1) [ ( NG (58)
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Fig. 4. Poiseuille, flow with linear growth of the pressure gradient. Velocity distri-
bution across the channel, u = u(Y) at different times. T =0.1, 0.2, 0.5, 1.

6.3. Temperature field with constant wall temperatures and negligible
dissipation of kinetic energy

We consider an impulsive start-up of the Poiseuille flow assum-
ing that the wall temperatures 6, and 6} are constant. In this case
the solution is a linear function of the average wall temperature .,
and of wall temperature difference A8,,.

6.3.1. Symmetrical problem
With the help of Appendix A Eq. (42) reduces to

0r,,(q, 1) zéw{erﬂ:(\/qf_T)

+oo
k+q k—q
+ (—1)"[erfc<—) — erfc<— , (59)
kz:; A TT A TT
where q = (Y + 1)/2. This solution is plotted in Fig. 5 for differ-
ent time values and for 0,, = 1. For small time values a thermal

Rayleigh layer near the wall can be recognized.
The heat fluxes at the walls are

30 0, = 2
—| =+ 14+2) (=nke K/ |, (60)
Y |+ ST |: ;

The heat flux on the lower wall is plotted versus time in Fig. 6 for
w=1.

6.3.2. Anti-symmetrical problem
Again with the help of Appendix A Eq. (44) gives

A9W q
6 =—— fcl —
aTw (. 71) 2 {er C(ﬁ)

+00
) ()]
+ erfc(— —erfc] — , (61)
I;[ 123 T
where q = (Y + 1)/2. This solution is plotted in Fig. 7 for different
time values and for A, = 1. The heat fluxes at the walls are

A6 R
- w 2 —k*/tr
= 1+2 e . (62)
wt 2 TTT |: k=1 i|

The plot of the heat flux on the lower wall is proposed in Fig. 6
for A6y, =1.
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Fig. 5. Impulsive start-up of the Poiseuille flow. Temperature field across the chan-
nel, # =6(Y), at different times. tr =0.01, 0.1, 0.5, 2. 6, = 6,5 =1, E=0.
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Fig. 6. Impulsive start-up of the Poiseuille flow. Heat fluxes versus time on the lower
wall E =0. Solid line: 8, =6, = 1; dashed line: 6, = —0.5, 6,5, =0.5.

6.3.3. Effect of the Eckert number for Pr = 1 and impulsive start-up
In this case the contribution of dissipation of kinetic energy to
the temperature field is

Oe(Y,T)=0p(Y,T,E=1)+ha(q, 7)

+00
+ > (=D¥[ha(k +q.7) — ha(k — g, 7)), (63)
k=1

where g = (Y +1)/2 and 6, (Y, 7) is given by Eq. (46) adopting the
velocity field given by Eq. (49).

In Fig. 8 the temperature profiles 6 are plotted for different
time values with E =1 in this case of impulsive Poiseuille flow. As
time grows the temperatures quickly approach the steady solution

Op(Y, +00) = %(1 —-v?). (64)



306 A. Pozzi, R. Tognaccini / European Journal of Mechanics B/Fluids 28 (2009) 299-308

/

N (7

o

N

[$;]
T

>~ O; '
-0.252 // /
05} // //
o T
; ////

-1 (| L [N A N N N N I |

-0.5 -04 -03 -02 -0.1 0 01 02 03 04 05
0

Fig. 7. Impulsive start-up of the Poiseuille flow. Temperature field across the chan-
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Fig. 8. Impulsive start-up of the Poiseuille flow. Temperature field across the channel
for the impulsive start-up of the Poiseuille flow, 6 = 6(Y), at different times. T =
0.2,05,1,3. E=1, 6, =6} =0.

The associated heat flux at the wall is obtained by differentiat-
ing equation (63):

90k au 16 5,
— =21— -——T
Y |, _ Y|, 3Jm
16 <X 2 2
+— 1 k|:__ 7:3/2 +I€2 T e—k /T
ﬁg( =5 ( V7)
+ ﬁ(kr + 2k3> erfc( k )] (65)
3 VTl
where du/dY|w— is given by Eq. (54). This relation is plotted in
Fig. 9.

Finally, an arbitrary impulsive Poiseuille flow with constant
wall temperatures can be obtained by linear combinations of the
Egs. (59), (61) and (63).
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Fig. 9. Impulsive start-up of the Poiseuille flow. Heat flux versus time on the lower
wall. E=1, 6, =65 =0.

7. Conclusions

In this paper a new case has been added to the short list of
exact, explicit, analytical solutions of thermo-fluid dynamic fields
of practical interest. It is also considered the case of coupled en-
ergy and momentum equation by the dissipation of kinetic energy
(E #£0).

It consists in the fully developed laminar, incompressible flow
arising in a two-dimensional channel when the imposed time
law of the pressure gradient has a power expression (unsteady
Poiseuille flow). Due to the linearity of the Navier-Stokes equa-
tions in the case of fully developed parallel flows, the solution in
the case of arbitrary pressure gradient can also be obtained, pro-
vided it can be expanded in Taylor series. The solution has been
extended to flow driven by the upper wall motion (unsteady Cou-
ette flow). The thermal field has been obtained for arbitrary time
law for the wall temperature including the effects of the dissipa-
tion of kinetic energy (for Prandtl number equal to one): it was
possible to obtain the solution in analytical form because a partic-
ular integral of the energy equation was found in a simple form.

The solutions have been obtained by the Laplace transform
technique; they can be expressed in terms of a particular form of
the Jacobi's 6, and 65 functions.

The local analysis for small time values, evidences the presence
of a Rayleigh type layer near the walls and a potential region far
from the walls. Analytical expression of the velocity profiles in the
Rayleigh layers and in the potential regions have been proposed.
The effects on the thermal field of the Eckert number and wall
temperatures are independent and can be separated.

Some cases have been analyzed in detail: impulsive start-
up and linear growth of the pressure gradient of the unsteady
Poiseuille flow, impulsive variation of the wall temperatures. Sim-
ple analytical expressions for the wall shear stress, mass flux and
Nusselt number have been obtained and discussed.

Appendix A. The basic inverse transforms

The binomial theorem gives
n+1

(.L._.L—.)n+1:Z(_l)]‘<n-—ij—1>1n+l—j1—.j, (A1)

j=0
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therefore

‘E% . o i
/aq (q,7)(r —D)"dt

0
=Z(—])j<7>tm‘j/fj%(q,f)df. (A2)
0

From Eq. (16a) we have

; a6 2 R /7
—i 2 - - e -
T2, T)dT=——=1q | ——=—dT
/ 8(]( ) VT { _/ [3/2*]

0 0

—(k+q)2/r

+Z( 1)"[(k+q>/ Tl

o= k=0’ /r 3
—(k—q)/ =3 : (A3)

The integrals in this equation are all of the same type and can be
recursively calculated. Denoting with

—a%/t

T
2 B}
¢ja, )= ﬁa[ mdf,

0

j=0,1,2,....m, (A4)

where a=q,k+q,k—q,k=1...+ oo, we have

pja,t)= L qr@imD2e=aT _ a*¢j_1(a, T)] (A.5)

2 |:2
2j—11lJ7

and

bola,7) =2 erfC< 2 (A6)

%)

where erfc(z) =1 — Z/ﬁfoz et d¢ is the complementary error
function.
In the same way

T

[ _.003 o
/ (q,r)(t—r)"dr—Z( 1)1(]) J/IJE(q,r)dr.
0 j=0 o

(A7)

Eq. (16b) leads to

[ 06 2 [ e/t
_:005 _ e _
T =(q,T)dT =——= ———dT

/ ag &7 ﬁ{q/ T3/27
0

| +Z[(k+q)/

e~ (k=0? /f _
_(k—q)/ 7372 . (A.8)

The integral in this equation are again of the type specified in
Eq. (A4).
In particular we have:

—<k+q) /f
73/2-]

r 00!
/ 22 (g, 147 = ~40(@, 7
q

0

400
= (=D¥[pok+q,7) —dok —q,T)].  (A9)

k=1

T

a6
| and=-nan
q
0

+00

= [pok+q.7) — dok —q.7)].

k=1

(A10)

T

30 L
/a—q(q, )T —1)dT = —T¢0(q, T) + ¢1(q, T)

0

+00
=Y (—D"[rdok +q,7) — p1(k+q, 1)

k=1

—tgok—q,7) + 1k —q,7)]. (A1)
f 003 _ -
/ %(q, ) (T —17)dT =—7¢o(q, T) + ¢1(q, T)
0
+o0
- [tpok+q,7) —$1(k+q,7)
k=1
—tdok—q. )+ ¢1(k—q,1)]. (A12)

T
[ ane- ot
i
0

=—72¢0(q, T) +2741(q, T) — $2(q, T)

+00
— Y (=D [’pok+4,7) — 211 (k+4,T) + pa(k+q, T)
k=1

— 2ok —q,7) +21¢1(k—q.T) — 2k —q, 7)]. (A13)
T
/ %% @ %)(x — 2 dt
aq
0
=—1%0(q. 7) +27¢1(q. T) — $2(q. T)
+00
=Y [P0tk +q.7) —2t¢1(k+q,T) + pa(k+4, 7)
k=1
— 2ok —q,7) +21¢1(k—q.T) — 2k —q. T)]. (A14)

Appendix B. Some properties of the Laplace transforms
B.1. Abelian and Tauberian theorems

The initial and asymptotic behaviors of a function f(t) are ob-
tained by analyzing the solution in the transformed space.

Specifying with F(s) the Laplace transform of f(t), the Abelian
and Tauberian theorems ensure that

(1) if, for t = 0T, f(t) = At? then, for s — 400, F(s) = Al'(a +
1)/Sa+1;

(2) if, for t — 400, f(t) — At® then, for s — 0%, F(s) — AT'(a +
1)/5a+1:

where I'(x) is the gamma function.
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B.2. Some inverse Laplace transforms

tanh /s 1 = 2
om = 142 (=1ke ¥ /f], B.1
T<ﬁ>ﬁﬁ[+§()e (B.1)
e s . a
‘C’T 1 <Sl+—m/2> = (4T)m/21m erfc<ﬁ), (B.Z)
where a >0, m=0,1,2,3,... and
+00
" erfc(z) = / "1 erfe(t) dt (B.3)

z

is the m repeated integral of the error function.

Appendix C. Unsteady Couette flow

Momentum equation

du_ ou =0. (C1)
aT  3Y2

Boundary conditions for the velocity field
u(Y,0)=0, (C.2a)
u(—1,t) =0, (C.2b)

u(+1a T) :uW(T)’ (C.ZC)

where u,(7) is the assigned velocity of the upper wall referenced
to Vier.
Transformed velocity field

_ Uw(s)[cosh(y/sY) = sinh(y/5Y)
v, == [ cosh(v/5) © sinh(v5) ] (3
Velocity field
1 f 90
_t)_ o - A\ dF
u(g, t)—4{ f 37 @, Duw(t = T)dT
0
+/%(q,f)uw(1—f)df}, (C4)
aq

0

where ¢ = (Y + 1)/2.
For power law for the upper wall velocity, u,, = Ct", we have

< _/’@ (e — 2yt
u(q,f)—4 aq(q,f)(f 7) dt
0
T

+/ %(q,f)(r - f)”df}, (C.5)
aq

0
where g = (Y +1)/2.

Asymptotic behavior

If, for T — 400, Uy (T) — 1, i.e. the upper wall velocity tends
asymptotically to a constant value, then the Tauberian theorem en-
sures that, for s — 0%, U, (s) — 1/s. Therefore (since sinh(./s) ~
/s and sinh(y/sy) ~ /sY for small values of s):

. 1
TBTOOU(Y,I): 5(1 +Y); (C.6)

the unsteady Couette flow tends asymptotically to the steady Cou-
ette flow.

Behavior fort — 0

Again, the local behavior of the solution for 7 — 0 is performed
looking at the behavior of the transformed solution, Eq. (C.3) for
s — +o0. For Y > 0 we obtain:

s — +00: U— Uy(s)e 171V5, (C.7)

For power law of the wall velocity (U, = Cn!/s"*1), the velocity
in the physical plane for T — 0 is

1-Y
u(Y, 7) ~ 22 cnit"i¥ erfc . C8
. 7) (2 ﬁ> (c8)

Near the moving wall, for small time values there is a Rayleigh
type layer, while the flow is at rest in the remaining part of the
channel.

Impulsive start-up (uy (t) =1)

+0o0
u(q, r):—Z[erfc(W) —erfc(m%)], (C9)

k=0
where g = (Y +1)/2.

Linear growth of the upper wall (uw (t) =1)
1 +00
ug,1)=—= Z[h(Zk +1+4q,71)—h@k+1-q,7)],
2 k=0
where g = (Y +1)/2.

(C.10)

Temperature field with constant wall temperatures and Pr = 1 in-
cluding dissipation of kinetic energy

Only the part of the solution strictly depending on E is differ-
ent from that of Poiseuille flow; it can be obtained assuming as
boundary conditions 6(—1,7) =60(+1, 1) =0.

Particular integral of the energy equation

0p(Y,T) = guz(Y, 7). (C.11)
Transformed temperature
_E cosh(+/sY) sinh(y/sY) . .
OF,s)= —ZUzw(S)[ cosh(/5) Sinh(5) ] +Op(Y,s);
(C12)

where Ujy (s) is the Laplace transform of u%v(r).
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